Abstract. The non-relativistic Maxwell-Chern-Simons model recently introduced by Manton is shown to admit self-dual vortex solutions with non-zero electric field. The subtle Galilean symmetry is explained, and the theory is extended to (non-relativistic) spinors. A relativistic, self-dual model, whose non-relativistic limit is the Manton model is also presented. The relation to previous work by Barashenkov and Harin is discussed.
Introduction
In a recent paper [1] , Manton proposed a modified version of the Landau-Ginzburg model for describing Type II superconductivity. His Lagrange density is a subtle mixture blended from the standard LandauGinzburg expression, augmented with a Chern-Simons term:
where µ and γ > 0 are constants, D t φ = ∂ t φ − ia t φ, D i φ = ∂ i φ − ia i φ, B = ∂ 1 a 2 − ∂ 2 a 1 is the magnetic field and E = ∇a t − ∂ t a is the electric field. This Lagrangian differs from the standard expression in that (i) it is linear in D t φ; (ii) the electric term E 2 is missing; (iii) it includes the terms −γa t and − a · J T , where J T is the (constant) transport current. The properties (i) and (ii) come from the requirement of Galilean rather than Lorentz invariance [2] . The term −γa t results in modifying the Gauss law (eqn. (1.4) below); the term − a · J T is then needed in order to restore the Galilean invariance. To be so, the transport current has to transform as J T → J T + γ v under a Galilei boost [1] .
The field equations derived from (1.1) are
where the (super)current is J = (1/2i) φ * Dφ − φ( Dφ) * . The matter field satisfies hence a gauged, planar non-linear Schrödinger equation. The second equation is Ampère's law without the displacement current, as usual in the "magnetic-type" Galilean electricity [2] . The last equation called the Gauss law is the (modified) "Field-Current Identity" of Jackiw and Pi [3] .
Conventional Landau-Ginzburg theory admits finite-energy, static, purely magnetic vortex solutions [4] . For a specific value of the coupling constant, one can find solutions by solving instead the first-order "Bogomolny" equations [5] (1.5) (D 1 + iD 2 )φ = 0,
Now, as observed by Manton, these same solutions yield magnetic vortices with a t = 0, also in his model, when λ = 1 and µ = γ. Manton also conjectures the existence of further solutions with a non-vanishing electric field.
In this Paper, we show that this is indeed the case : a slight generalization of the self-duality equations (1.5) does indeed provide self-dual vortices with nonzero electric field.
Next, using the equivalence of the model with one in constant external electric and magnetic fields, we discuss the subtle galilean symmetry. In Section 4, we construct self-dual non-relativistic spinorial vortices along the same lines. In Section 5 we present a self-dual, relativistic model of the same type, whose nonrelativistic limit is the Manton model. Finally, we compare our results to those obtained by other people.
Self-dual vortices
In the frame where J T = 0 (which can always be achieved by a Galilei boost), the static Manton equations (1.2-4) read in fact (2.1)
Let us try to solve these by the first-order Ansatz
¿From the first of these relations we infer that
Inserting into the non-linear Schrödinger equation we find that it is identically satisfied when a t = (±1/4µ − λ/4γ)(1 − ̺). Then from Ampère's law we get that λ has to be
The scalar potential is thus
Then the vector potential is expressed using the "self-dual" (SD) Ansatz (2.2) as
where ω is an arbitrary real function chosen so that a is regular [3] . Inserting this into the Gauss law, we end up with the "Liouville-type" equation
Note that the electric field, E = ∇a t , only vanishes for µ = ±γ, i.e., when λ = 1, which is Manton's case. Before analyzing the solutions of Eq. (2.6), let us discuss the finite-energy conditions. As it will be derived in the next Section, in the frame where J T = 0, the energy associated to the Lagrangian (1.1) is
Eliminating the magnetic term B 2 /2 by using the Gauss law (1.4) results in shifting merely the coefficient of the non-linear term,
Finite energy requires, just like in the Landau-Ginzburg case, Dφ → 0 and |φ| 2 → 1 so that our objects represent topological vortices: The first of these equations implies that the angular component of vector potential behaves asymptotically as ∼ n/r, n = 0, 1, . . .. The integer n here is also the winding number of the mapping defined by the asymptotic values of φ into the unit circle,
so that the magnetic flux is necessarily quantized, and is related to the particle number (2.10)
(N is conserved since the supercurrent satisfies the continuity equation ∂ t ̺ + ∇ · J = 0). Not surprisingly, our self-duality equations (2.2) can also be obtained by studying the energy, (2.7). Using the identity Dφ 2 = (D 1 ± iD 2 )φ 2 ± B|φ| 2 ± ∇ × J and assuming that the fields vanish at infinity, the integral of the current-term can be dropped, so that H becomes
which shows that the energy is positive definite when the square bracket vanishes, i.e., for the chosen potential with λ as in Eq. (2.3). In this case, the energy admits a lower "Bogomolny" bound, H ≥ π|n|, with equality only attained when the SD equations hold. Eqn. (2.6) is similar to that of Bogomolny in the Landau-Ginzburg theory [5] to which it reduces when α = ±1. Remarkably, it admits regular solutions for both signs. When α > 0, the proofs of Weinberg, and of Taubes [6] , carry over literally to show the existence of a 2n-parameter solution for each n. For α < 0, using the same arguments, we have only been able to find at least 2n parameters, cf. Appendix A.
Radial solutions were studied numerically by Barashenkov and Harin [7] . For α > 0, the solutions behave as in the Bogomolny case; for α < 0 oscillatory solutions are obtained. This can be confirmed by the following asymptotic analysis. Write φ = f (r)e inθ . Linearizing the SD Eqns. (2.2), for ϕ = 1 − f we get (2.12)
which is Bessel's equation of order zero. The solution and its asymptotic behaviour are therefore
when α > 0,
where m = |α|. The magnetic and electric fields behave in turn as (2.14)
αr .
Symmetries and conserved quantities
The problem of symmetry can be raised in two ways. On the one hand, we can ask whether the Galilei group, acting in the usual way on space-time,
(where ǫ ∈ R, R ∈ so(2), β, γ ∈ R 2 ) is a symmetry or not. The other question sounds in turn: can we find an (abstract) symmetry group of the system which is algebraically isomorphic with the Galilei group. Now, as observed by Manton [1] , the invariance of the Lagrangian (1.1) with respect to Galilei boosts requires the presence of the − J T · a with the transport current transforming as J T → J T + γ v. However, this term breaks manifestly the rotational symmetry as represented by the above vectorfield. In the Galilei frame J T = 0, the usual rotational symmetry is restored; chosing such a frame breaks, however, galilean invariance. In other words, the only remaining symmetries are the space and time translations. To find the corresponding conserved quantities, we first calculate the energy-momentum tensor (3.2)
This energy-momentum tensor satisfies the continuity equation
Note that T 0j = T j0 and that T ij is only symmetric in the frame where J T = 0, which is obviously related to the breaking of rotational symmetry. The energy-momentum tensor is not traceless, but satisfies rather
Then we find the conserved energy and momentum,
Note the extra piece proportional to the magnetic field B in the momentum. Precisely because of this piece, the Dirac bracket of the momenta satisfies (see Appendix B.)
rather then vanishes as usual. (This has been found by Barashenkov and Harin [7] in their model). Our clue in understanding these strange symmetry properties is to observe that setting
The equations of motion (1.2-4) become
where
. These equations describe a non-relativistic scalar field with Chern-Simons dynamics and an external, constant electromagnetic field [8] . The equivalence of the two models can also be checked on the respective Lagrangians. That of the external-field problem is in fact (3.7)
Inserting here A ext k = −γǫ kl x l /4µ and A ext t = 0, one gets up to surface terms the Manton Lagrangian (1.1), without the transport current term. This latter is finally recovered when applying a galilean boost,
The external-field system admits a "hidden" galilean symmetry [8] , [9] . This can either be found by a direct calculation along the lines of Niederer [10] , or understood as follows. Let us start with a system with E ext = 0 and B ext = 0 (i.e. J T = 0 and γ = 0).
Step 1. A boost transforms the E ext = 0, B ext = 0-problem into one in a constant magnetic field with E ext = 0; Step 2. Chosing a rotating frame with angular velocity ω = B ext /2, the problem is transformed into one an oscillator-background with potential ω 2 r 2 /2; Step 3. Finally, the oscillator problem can be transformed into that with no-background at all [8] , [10] , [9] , using the transformation
The no-external-field problem has a manifest galilean symmetry, with generators acting as in (3.1). Following the above series of tranformations backwards, this symmetry is therefore "exported" to the Manton problem which will hence also admit an abstract galilean symmetry. The expressions obtained in this way are, however, rather complicated, involving rescalings, rotations, booost, etc. Let us first explain what happens with the translations. Denote by p and g the conserved quantities associated to "natural" translations and boosts in the no-background case. Because of the manifest galilean symmetry, they satisfy the relations (3.10)
It is readily seen, however, that a translation in the external-field problem is related to that in noexternal-field according to (3.11)
The unusual commutation relation (3.4) follows therefore from (3.10) and (3.11).
In the frame where J T = 0, the "ordinary" rotations x → R x, R ∈ SO(2), act as symmetries. (Expressed in an arbitrary frame, these rotations look rather as cycloidal motions). The associated conserved "abstract" angular momentum is (3.12)
Note here the extra piece proportional to the total magnetic field B. Note also that the integral converges since J → J T and |φ| → 1 at spatial infinity. (For J T = 0, (3.12) reduces to the well-known formula in an external magnetic field).
The "abstract" boost [i.e. the image of the boosts in the no-external-field problem] could be found along the same lines, yielding a rather complicated expression we do not present here.
Let us mention that, once the symmetries of the external-field are determined, the associated conserved quantities can also be found using the technique of Jackiw and Manton [11] rather then by "exporting". The results are consistent with those presented above.
Spinor vortices
In Ref. [12] , we found non-relativistic, spinor vortices in pure Chern-Simons theory. Below we generalize our construction to the magnetic type non-relativistic Maxwell-Chern-Simons theory of Manton's type. Let Φ denote a 2-component Pauli spinor. We posit the following equations of motion.
Gauss' law where the current is now
The system is plainly non-relativistic, and it admits self-dual vortex solutions, as we show now. The transport current can again be eliminated by a galilean boost. For fields which are static in the frame where J T = 0, the equations of motion become
Let us now attempt to solve the static equations (4.3) by the first-order Ansatz Eqn. (4.6) requires that Φ has a definite chirality. One possibility would be Φ + = 0 for the upper sign and Φ − = 0 for the lower sign, as in Ref. [12] . In both cases, a t would have to vanish. It is, however, easely seen to be inconsistent with Ampère's law. Curiously, there is another possibility: one can have Then J = ∓ ∇ × Φ ± 2 , so that Ampère's law requires
But now Φ ± 2 = Φ 2 , which is 1 − (2µ/γ)B by the Gauss law, so that (4.9) holds when (4.10) α ≡ ± γ µ = 4.
In conclusion, for the particular value (4.10), the second-order field equations can be solved by solving one or the other of the first-order equations in (4.4). Now these latter conditions fix the gauge potential as
Then the Gauss law yields (4.12) △ log ̺ = 4(̺ − 1), which is again the "Liouville-type" equation (2.6) we studied before. Note that the sign -the same for both choices -is positive so that no oscillatory solutions arise now. The equations of motion (4.1) can be derived from the Lagrangian (4.13)
Then, in the frame where J T = 0, the associated energy is (4.14)
Using the identity (4.15)
(up to surface terms), the energy is rewritten as
Eliminating B using the Gauss law, we get finally, for purely chiral fields, Φ = Φ ± ,
Here the last integral yields the topological charge ±2πn. The integral is positive definite when ±γ/µ ≥ 4 depending on the chosen sign, yielding the Bogomolny bound H ≥ 2π|n|. The Pauli term results hence in double the Bogomolny bound in the scalar case. The bound can be saturated when ±γ/µ = 4 and the self-dual equations (4.4) hold.
Relativistic models and their non-relativistic limit
In relativistic Maxwell-Chern-Simons theory self-dual solutions only arise when an auxiliary neutral field N is added [13] . Here we present a model of the type considered by Lee, Lee and Min, which (i) is relativistic; (ii) can be made self-dual; (iii) its non-relativistic limit is the Manton model presented in this paper. Let us consider in fact (1 + 2)-dimensional Minkowski space with the metric (c 2 /γ, −1, −1) where γ > 0 is a constant. Let us chose the Lagrangian (5.1)
Here N is an auxiliary neutral field which we chose real. We have also included the term a µ J T µ where the Lorentz vector J T µ represents the relativistic generalization of Manton's transport current. We chose J T µ to be time-like,
where β > 0. Although the potential is not positive definite, this will cause no problem when the Gauss law is taken into account, as it will be explained later. Note that a similar behaviour has already been encountered before [14] . This Lagrangian is clearly Lorentz-invariant so that the model is indeed relativistic. The associated equations of motion read
One can always choose a Lorentz frame where the spatial components of the transport current vanishes,
. In such frame, using the Gauss law, for the energy we find (5.4)
where we used the obvious notations E i = F 0i , B = F 12 and we have assumed that the surface terms,
fall off sufficiently rapidly at infinity. To get finite energy, we require that the energy density go to zero at infinity. Note that the term |D 0 ψ| 2 does not go to zero at infinity, rather combines with some of the terms in the potential to yield a perfect square. Finite energy requires thus
Using the Bogomolny trick and the Gauss' law as in Eqn. (5.3), the term linear in N in the potential gets absorbed. Then the energy is re-written, for the particular value β = 1, as (5.7)
where ǫ is the sign of µ. The last term is topologic, labelled by the winding number, n, of ψ. Due to the presence of c 2 , it seems to be reasonable to assume that the coefficient in front of the magnetic flux is positive. Then, chosing n < 0 for ǫ ≡sign(µ) > 0 and n > 0 for ǫ ≡ sign(µ) < 0 respectively, the energy admits hence the "Bogomolny" bound
The absolute minimum is attained by those configurations which solve the "Bogomolny" equations (5.9)
It can also be checked directly that the solutions of the self-duality equations (5.9) solve the second-order field equations (5.3), when the gauge fields are for static and the matter field is of the form ψ = e −imc 2 t × (static), cf. Ref. [3] . These equations are similar to those of by Lee et al., and could be studied numerically as in Ref. [13] . Note that, just like in the case studied by Donatis and Iengo [15] , the solutions are chiral in that the winding number and the sign of µ are correlated. Let us stress that for getting a non-zero electrical field, the presence of a non-vanishing auxiliary field N is essential. For N = 0 we get rather a self-dual extension of the model of Paul and Khare [16] . Its vortex solutions are, however, purely magnetic. Now we show that the non-relativistic limit of our relativistic model presented above is precisely the Manton model. To see this, let us set
The transport current is the long-distance limit of the supercurrent,
2 , so we have
Then the standard procedure (described, e. g., in [3] ), yields in fact (after dropping the term mc 2 I) the non-relativistic expression (5.12)
Note that there is no kinetic term left for the auxiliary field N . It can therefore be eliminated altogether by using its equation of motion,
Inserting this into the potential, this latter becomes
For α = 1 and m = 1 in particular, we get precisely the Manton Lagrangian (1.1) with
Note that the non-relativistic limit of the equations of movement are those in (1.2-4), as they should. Note also that, for β = 1 (when λ in (5.15) becomes (2.3) ), the non-relativistic limit of the (relativistic) self-dual equations (5.9) fixes a 0 and N as
which is consistent with Eq. (2.4) . The other equations reduce in turn to our non-relativistic self-dual equations (2.2).
Further models
A. As already said, some of our formulae bear a strong ressemblence to those of Barashenkov and Harin [7] , who study the system described by
This Lagrangian only differs from the Manton model in that it contains the full Maxwell term, while the transport term J T · a is missing. The Barashenkov-Harin model has, therefore, no clear symmetry: the (full) Maxwell term is Lorentz invariant; the matter term is Galilei invariant; the Chern-Simons term is invariant with respect to any diffeomorphism. Finally, their naked −γ · a t term breaks both the Lorentz and Galilei invariance.
The energy of the Barashenkov-Harin model is
while their Gauss law reads
Now the presence of E 2 in the energy and of ∇ · E in their Gauss' law only allows, just like in other relativistic models, a vanishing electric field, [17] -unless an auxiliary field is added [13] , [18] . After putting the electric field to zero by hand, the remaining Barashenkov-Harin equations coincide with ours. It is hence precisely the absence of these electric terms -dictated by the requirement of a consistently non-relativistic theory -which opens the door for solutions with nonzero electric field in Manton's model. B. Let us mention that a consistently non-relativistic Maxwell-Chern-Simons model has also been considered before, namely in a "non-relativistic Kaluza-Klein-type" framework [19] . There one starts with a four-dimensional (relativistic) coupled Maxwell-Chern-Simons theory. When the theory is reduced to 2+1 dimensions by factoring out a lightlike, covariantly-constant direction, one gets a non-relativistic system with equations of motion (6.4)
Note the absence of the transport current in Ampère's law and that the Gauss law has the Jackiw-Pi form. This system can be solved along the same lines as in Manton's case: Using the Gauss law, the self-duality equations (6.5) (D 1 ± iD 2 )φ = 0, 2µB = −|φ| 2 , are readily seen to solve the field equations, provided the potential is (6.6) U (φ) = − ± 
This is precisely the problem solved by Jackiw and Pi in the pure Chern-Simons case [3] . This same conclusion can be reached by noting that the energy of this system is simply (6.9)
which is again the Jackiw-Pi expression. The latter model is known however to be self-dual precisely when the coefficient of the Chern-Simons term and the non-linearity are related as g = ± 1 2µ , which is consistent with (2.3).
Let us note, in conclusion, that, in this case, the manifest galilean symmetry [with generators as in (3.1)] gets extended into a Schrödinger symmetry with two more generators, namely dilations and expansions [3] , [19] . The extra symmetry is indicated by that the energy-momentum tensor becomes traceless, i T ii = 2T 00 . The two additional conserved quantities read (6.10)
Then the same argument as in the Jackiw-Pi case shows that all solutions are necessarily self-dual. Let us note in conclusion that the more general type of self-duality with two non-vanishing components [20] only works in the pure Chern-Simons case, and breaks down when the Maxwell term is present, due to ∇ × B in Ampère's law.
by using Stokes' theorem, where S is the circle at infinity. Now if J T = 0 then the current J goes to zero at infinity. A is hence a pure gauge and the integral in B.1 yields (2π times) the winding number, P 1 , P 2 = 2πn γ.
(B.2)
For J T = 0, a boost as in (3.8) with velocity β = J T /γ absorbes the transport current into the phase and we are back in the previous case. The result (B.2) is hence valid in all cases.
